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A makespan minimization in an m-stage flow 
shop lot streaming with sequence dependent 
setup times: MILP model and experimental 
approach. 

Gomez-Gasquet P1, Segura-Andres R, Franco D, Andrés C 

Abstract. This paper considers the recently growing interest the scientific 
community has put over the use of Lot Streaming technics (LS) or lot splitting. 
Implications are highlighted, from the scheduling point of view. It is presented this 
consideration and a MILP mathematical model to minimize makespan in an n-job 
flow shop problem with sequence dependent setup times (SDST). At the same 
time, the model is resolved, for the two- and three-machine flow shop, with the 
purpose of analyzing, through a design of experiments, which is the achieved 
makespan reduction and computation time increment regarding to no LS consider-
ation used. Finally, it will be reflected about the use of non-optimum technics re-
lating makespan values and expected calculation time. 
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1.1 Introduction  

Lot Streaming (LS) is a concept that allows splitting jobs in smaller entities, 
sublots, what makes easier material transfer between stages. In the no hybrid flow 
shop, LS makes possible makespan or Cmax reduction such as it is showed in 
Figure 1.1. Nevetheless industrial companies should value if this reduction is 
enough in order to be worhty the increment of the complexity in the management 
that supposes the increase of materials flow in the shop. Besides of a LS use 
analysis in terms of Cmax reduction, it must not be subestimated the difficulty 
increase that involves job splitting, in a complex problem itself. In the figure 1.1 it 
is shown an example in what the use or not of LS is compared, in a two-stage flow 
shop with 3 jobs. 
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Fig. 1.1 Flow Shop vs. Flow Shop Lot Streaming 

In this paper a literature review is carried out in section 1.2. Problem definition 
for a general case with m stages and n jobs through a MILP model is introduced in 
section 1.3. A mathematical model for the two- and three-stages problem is 
instanciated in section 1.4 with the objective of show in a simple case the potential 
benefits of LS technics, as well as the limitation in the use of optimum technics. 
Finally, in section 1.5 conclusions are sumarized. 

1.2 Literature review 

An analysis in a Flow Shop environment (FS) will be presented in this paper. We 
will compare the use of lot streaming versus not using it. Many years have passed 
since the first paper about flow shop (FS) was published (Johnson, 1954). From 
that paper up to now have passed more than five decades in which researchers 
have published hundreds of papers, some of them presented in a FS review (Gupta 
& Stafford Jr., 2006). The concept of lot streaming was introduced a decade after 
Johnson’s paper (Reiter, 1966) with the aim of improving the objective function in 
a certain type of problems through splitting jobs into smaller sublots. Whereas the 
most difficult task in an n jobs FS problem is defining the sequence of jobs, when 
we combine FS and lot streaming (FSLS) we increase the difficulty of the prob-
lem; we need to decide the number of sublots besides the sequence, and even it 
might be necessary decide the size of each sublot also. One problem of this type, 
with only two machines, it could be classified as a NP-hard due to its complexity 
and the possibility of multiple combinations (Glass & Possani, 2011). A simple 
two-machine example showed that, an optimal solution generally cannot be found 
when the sequencing approach and the splitting approach are used independently 
(Potts & Baker, 1989). They suggested that the two approaches should be used 
simultaneously. There are problems that have not yet been addressed in any paper 
up to date such as it is showed in a FSLS review (Sarin & Jaiprakash, 2007).  

 

� ������ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� �

��
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

�


� �� �� �� �� ��
� � � � � � � � � � � � � � � � ���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��� ��
� � � � � � � � � � � � �

��
� � � �

�� �� ��
�

�
��

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

��
��
�

��
� ���� ���� ���� �� ���� ���� ���� ��
� �

���� ����
� � � � � � � � � � � � � � � � ���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����
� � � �

���� ����
� �

���� �� ���� ����
� � �

���� �� ���� ����
� � � � � � � � �

�
��

� � � � � � � � � � � � �
�� ��

� � � � � � � � � �
�� ��

� � � �
�� �� �� ��

� � � � � � � �
�� ��

� � � � � � � � � � � � � � �
� �

�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

� � � � � � � � � � �
��
� � � � � � � � �

��
� � � � � � � � �

��
� � � � � � � � �

��
� � � � � � � � �

��
� � � � � � � � �

��

� � � � � � � � � � �
��

� � � � � � � �

	�

� � � � � � � �

��

� � � � � � � �
�	�

� � � � � � � �
���

� � � � � � � � ��



334

 

In-between different operations in a FS configuration, it may appear setup 
times to reconfigure each machine to the next sublot; this sublot may be part of the 
same job or even though from a different one. To reduce the gap, setup concept 
has been widely tackled in FS environments (Allahverdi, Gupta, & Aldowaisan, 
1999). In this paper, setup times will be sequence dependent (SDST); setups de-
pend not only on the job to be processed next, but also on its immediately preced-
ing job on the same machine. Different authors have published m machines FSLS 
papers with SDST for minimizing makespan as objective function  using genetic 
algorithm (GA) (Lee, Sikora, & Shaw, 1997) or discrete harmony search (Pan, 
Duan, Liang, Kaizhou Gao, & Junqing Li, 2010). However, none of them 
achieved an optimal solution. 

In a wide range of industrial situations, companies usually work in FS configu-
rations, where in one or more stages it may be available more than one resource to 
perform their operations. This configuration it is known as Hybrid Flow Shop 
(HFS) and recently was published a review of the published papers (Ruiz & 
Vázquez-Rodríguez, 2010).  

In this paper, we will analyze two different problems: FS vs. FS lot streaming 
(FSLS). We will consider also sequence dependent setup times (SDST).  

1.3 A model definition 

Lot streaming problems under study will be defined following the notation de-
scribed in Sarin and Jaiprakash (2007) as reference. Our model will be 
M/N/C/II/DV/{SDST,Cmax}. This model consists in a flow shop (FS) of m stages 
(M), one machine per stage, where n jobs (N) must be processed. Each job con-
sists of Ui identical units. A job can be split into sublots that will be treated as sep-
arate entities in production. Each sublot requires processing on any of the ma-
chines in all stages. Sublots are consistent (C); the size of each sublot is kept 
constant on all stages. Intermittent idling (II) is allowed and sublots sizes have 
discrete values (DV). Setup times will be sequence dependent (SDST) and the ob-
jective is to minimize makespan (Cmax). 

The following assumptions are made: (1) all jobs are available at time zero; (2) 
the processing time of each item is known and deterministic; (3) no preemption is 
allowed; (4)  there is a given smallest allowable size for the sublots of each job; 
(5) machines are available at any time; (6) each machine can process at most one 
sublot at a time; (7) each sublot can be processed on one machine at a time; (8) in-
terleaving of sublots of different lots is not allowed. 

The problem consists to decide number and size of sublots, for each job, as 
well as schedule them to minimize makespan. With the aim of constructing a gen-
eral mathematical model, the information will be presented using the following 
indexes: 

i index set of jobs {0..n};   t, t’ index set of jobs {0..n+1} 
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h  index set of jobs {1..n+2};  b, b’  index set of jobs {0..n+2} 
l, v  index set of sublots of i job {0..Li} 
r  index set of stages on the shop {1..R} 
j, f  index set of machines in r stage {1..mr} 
 
Parameters in the model are the data known beforehand: 

Zi number of units in job i 
zi minimum size of each sublot in job i 
Pi,j,r processing time for units of job i, on machine j at stage r 
SX

t,t’,j,r    setup time for a sublot of job t’,preceded by a sublot of job t,on ma-
chine j at the stage r 

Sm
i,j,r     setup time for a sublot of job i,preceded by a sublot of job i,on machine 

j at the stage r  
M a very large positive number (larger than makespan) 

 

The genetic algorithm determines the following variables: 

Xl,i,j,r (integer) number of units in sublot l of job i assigned to machine j at stage r 
Cl,t,j,r (integer) completion time of sublot l of job t on machine j at stage r 
Ki (integer) completion time of job i (it corresponds to the maximum Cl,i) 
 
Note that for a given job i and sublot l, Xl,i,j,r > 0 for at most one machine j 

(j=1…mr) in stage r, indicating that sublot l of  job i is allocated to machine j at 
the r stage. 
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With these notations, the problem can be formulated as the following MILP mod-
el. The objective is to minimize makespan  ( 1 ): 
 
�������� ���������� ����� �� � �����

 
The constraints of the model are presented below in three sets, each representing 
one type of system constraint. The model is subject to: 

Precedence constraints: This set of constrains ensures the processing order of 
sublots. 
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Constraint ( 2 ) ensures that a sublot cannot start on machine j at stage r before 

the previous sublot in the same machine j at the same stage r has been completely 
processed for any job at any stage. Constraint  ( 3 ) ensures that the first sublot on 
machine j at stage r can be completed only after it has been on the machine for the 
necessary processing time. Constraint  ( 4 ) ensures that a sublot of a job cannot 
start in the next stage before it has been completed in the actual stage. Constraints  
( 5 ) and  ( 6 ) ensures that every sublot must have a previous one  ( 5 ) and anoth-
er one which comes later  ( 6 ). Constraints  ( 7 ),  ( 8 ) and  ( 9 ) define all the fic-
titious jobs so each job will have an initial and a last job. Constraint ( 10 ) is it 
used to avoid interleaving on the problem. It makes that every job must be per-
formed continuosly; sublot l+1 will be processed just after it is finished sublot l in 
the same machine. 

 
Constraints related to sublot sizes: 
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Constraints ( 11 ), ( 12 ) and ( 13 )define Y variables. Constraint ( 14 ) ensures 

that all the units are processed for all job at all stage. Constraint ( 15 ) ensures that 
sublots with a null number of units are required to follow the ones with units for 
each job at each stage. Constraint ( 16 ) ensures that the size of each sublot will 
remain equal in all job at all the stages. Constraint ( 17 ) ensures that the number 
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of sublots will remain equal in all job at all stage. Constraint ( 18 ) avoids redun-
dancy to process sublots that they have been already processed. 

1.4 Experimental analysis and results 

With the experimental analysis is it possible to notice makespan minimization us-
ing lot streaming technics (LS) in the case of m/6/C/II/DV/{SDST,Cmax} with m=2 
and m=3. Besides it is possible to assess the existing percentage of makespan re-
duction. Due to the theoretical difficulty the problem arise, it is proposed to ana-
lyze in what degree the increase in the computational effort is profitable in an in-
dustrial environment, and if substituting the optimizadory technic by a sub-
optimum one it would be recommendable in terms of efficiency because, obvious-
ly, it will not be in terms of inverted time. 

The experiment is based in the resolution of the mathematical model discussed 
in the section 1.3, using Gurobi Optimizer 4.6 in different scenarios. In all cases, 
unitary process times per stage and size of jobs are generated with a uniform dis-
tribution between [1…6] and [1…30] respectively. Minimum sublot size consid-
ered is 1 unit. For its analysis, design of experiments (DoE) has been performed 
with two factors: setup times (SDST) and number of stages (Stg). In the case of 
SDST, three different values have been considered, 10%, 30% and 50% time of 
the process time, all of them generated with a uniform distribution. Stg factor 
analyses of two- and three-stage shops. In every scenario a total of 5 replications 
have been performed. Dependent variable of the experiment is Cmax reduction 
percentage (rCmax), expressed in (Ec. 19) ����� � ������� � ����������, 
been Cmax the obtained value without LS and CmaxLS same example with LS. 
Due to the required computational effort for the LS case, analyzed values in the 
problem correspond to the 7.200 seconds, hence sub-optimum. In the case without 
LS optimal values have been always achieved. 

 
Table 1.1 Analysis of Variance for rCmax - Type III Sums of Squares  
---------------------------------------------------------------------------------------------------------- 
Source                        Sum of Squares     Df    Mean Square    F-Ratio    P-Value 
---------------------------------------------------------------------------------------------------------- 
MAIN EFFECTS 
 A:SDSS                    6,60527      2        3,30263           0,13     0,8758 
 B:Stg                        1031,03      1        1031,03         41,62     0,0000 
INTERACTIONS 
 AB                           12,5672      2        6,28362             0,25     0,7780 
RESIDUAL              594,484     24        24,7702 
------------------------------------------------------------------------------------------------------------ 
TOTAL (CORRECTED)         1644,69     29 
------------------------------------------------------------------------------------------------------------- 
All F-ratios are based on the residual mean square error. 
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The results shown that in all cases the Cmax was bigger than CmaxLS, in other 
words LS approach is suitable for the problem. But in the table 1.1 ANOVA anal-
ysis shows as results using LS are not dependent on setup time values. However 
the increment of stage from 2 to 3 influences in the makespan, the mean of rCmax 
passes form -7.8% to -19.5%. In terms of an industrial application an improve-
ment of 19.5%, even if setup times were high, could be consider excellent.  
  In the same experiment results of makespan for LS at 200 seconds were record-
ed, but the ANOVA of this new rCmax(200) shown no significant factors. It indi-
cates the problem presented is very difficult to solve specially when LS is applied. 

1.5 Conclusions 

After the comparison between a flow shop with and without lot streaming, we can 
conclude that problem presented is, as it is highlighted by apart 1.2, an interesting 
challenge from research point of view, where further research needs to be carried 
out in order to exploit this technic/concept properly. This technic might improve 
companies’ efficiency when it is possible to apply. And we should not forget that 
these problems, once we introduce SDST combined with lot streaming, are NP-
hard. 

At the same time, the experimental analysis that deal with a representative in-
dustrial situation, although not too complex, it makes clear that in all cases, 
makespan is minimized with the use of lot streaming technics although it is not 
better as longer setup times are as initially thought. However, its industrial appli-
cation needs to be validated due to it persist the doubt if the makespan minimiza-
tion compensates the complexity in the materials flow management that entails its 
startup over all for small shops. 

Finally, it is worth pointing out the makespan difference achieved in 7200 se-
conds is lightly better than the one in 200 seconds obtained for 2-stage problem 
but much better form 3-stage problem. This means, from our point of view, opti-
mal approaches need so much time in order to reach a solution where the problem 
is complex but well-oriented suboptimal approach could be a well balanced meth-
od in terms of makespan and computational effors. 

In the future, our research will introduce and consider more realistic approach-
es such as Hybrid FS environments (HFS). When we combine HFS and lot 
streaming it increases the difficulty to find some relevant papers on the topic.  

 
This work has been carried out as part of the project “PAID-06-10-2396 (Ne-

goSol-MAS)” funded by Vicerrectorado de Investigación of Universitat Politèc-
nica de València. 
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